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1 How much do you know?

1. The following question is based on section 1.7 of Barwise and Etchemendy. The first-order language

of arithmetic has two names, 0 and 1, two binary relation symbols = and <, and two function symbols

+ and ×. Terms are defined inductively as follows:

• The names 0 and 1 are terms.

• If t1 and t2 are terms, then so are (t1 + t2) and (t1 × t2).

• Nothing else is a term.

(a) Using the first-order language of arithmetic, express the fact that 3 is greater than 1.

(b) Show that there are infinitely many terms in the first-order language of arithmetic referring to

the number one.

(c) Show how to derive an expression referring to the number n and containing exactly 2n paren-

theses.

2 Challenge question.

The following questions are taken directly from Raymond Smullyan’s Forever Undecided. Don’t worry

if you find these confusing now. But if you can solve them, make sure you can explain your answers

convincingly!

The puzzles are set on the distant Island of Knights and Knaves. Every inhabitant of the island is either

a knight or a knave (the terms apply equally to men and women). Knights always make true statements,

while knaves always make false statements. (At this point you should ask yourself whether anyone would

ever claim to be a knave. Can you tell anything about someone who claims to be a knight?)
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The following problems feature Jeb, a census taker who is currently interviewing married couples on the

island.

1. Jeb knocks on a door and the husband opens it suspiciously. Jeb says: ‘I am a census taker, and I need

information about you and your wife. Which, if either, is a knight, and which, if either, is a knave?

Before slamming the door the husband replies curtly: ‘we are both knaves!’

What, if anything, can Jeb tell about the husband and wife?

2. At the next house, Jeb asks the wife: ‘Are both of you knaves?’ The wife replies: ‘At least one of us

is.’ What can Jeb determine about the woman and her husband?

3. At the next house Jeb encounters a rather shy man who, after being asked about himself and his wife,

replies: ‘If I am a knight, then so is my wife.’ Can Jeb learn anything from this?
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